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We consider the solution in a Hilbert space H of a parabolic equation of the 
following type: 
u’(t) + A(t) u(t) = 0; 40) = %I I 
where A(t) is an elliptic operator depending on t. We prove, under suitable 
hypotheses on A(t), an abstract regularity theorem, generalising the usual 
result (see J. L. LIONS, “Equations DifErentielles Op&ationnelles et Problkmes 
aux Limites,” Chapter 5.3, Springer-Verlag, Berlin/New York, 1961). We 
give an example of application. 
In the proof of the main theorem we use the square root Al/s(t) of the 
operator A(t) and we consider the Banach space D(kW*(i)). 
We consider the solution in a Hilbert space H of a parabolic 
evolution equation of the following type: 
where A(t) is an elliptic operator defined by a Banach space Y which is 
included with continuous injection in H, dense in H, and by a 
sesquilinear form a (t; U, v) is continuous and coercive on Y. We prove 
under suitable hypotheses on A(t) an abstract regularity theorem 
generalising the usual results about parabolic operators (see Lions, 
Ref. [S], Chapter 5.3, and also Agranovic and Visik, Ref. [l], and 
Lions and Magenes, Ref. [7]) an we show, by an example, how to d 
deduce the regularity of the solution from the regularity of the 
operator A(t). 
* Chargk d’enseignement Q la Facultk des Sciences de Paris. 
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1. THE ABSTRACT THEOREM 
Let V be a reflexive Banach space topologically included with 
continuous injection in a Hilbert space H; we denote by ( , ) and 1 * 1 
the scalar product and the norm on H and by 11 - 11 the norm on V. 
We suppose that V is dense in H and thus, identifying H with its 
antidual, we have the usual injections, 
vc HC v*. (1.1) 
Let 0 < T < + 03 and let t + A(t) be a measurable mapping 
from [0, T] into the space .Y(V, V*) of bounded operators from V 
into V* such that 
for almost every t, M and 01 being independent of t. 
We know (see Lions, Ref. [6]) that for every couple 
(u. , f) E H x L2(0, T; V*) 
there exists a unique function u E %Z(O, T; H) n L2(0, T; V), which is a 
solution of the equation 
u’(t) + A(t) u(t) = f(t), 
u(0) = 240 . 
(1.4) 
For any t E [0, T] the operator A(t) restricted to H defines an 
unbounded operator still denoted by A(t), with domain 
D(A(~)) = (w E V, A(t) - 2, E HI, 
A(t) is maximal positive (-A(t) is the generator of a strongly contin- 
uous contraction semigroup). Thus A(t) has a square root All”(t) with 
domain D(Allz(t)) (see Kato, Ref. [3], p. 282), given by the formula 
/p/“(t) 11 Srn X-l&4(t) + X)-l dA. (1.5) = 0 
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Of course we have 
&4(t)) c D(Al’“(t)) c H, 
every space being dense in the following space. 
From (1.3) it follows that the norms of D(A(t)) and D(A’l”(t)) are 
given by 
IV1 0(,4(t)) = I 44 * v I; I v l&@lqt)) = I A1’2(o * v I; (l-6) 
A’/“(t) is also maximal positive and the semigroup e-t-4R”*(l) commutes 
with A(t), i.e., 
and 
e-~-@‘yD(A(t)) c D(A(t)) (1.7) 
A(t) (+A”WZ1 = e-L41’%A(t)v, vv E D(A(t)). V-8) 
Hence for any ZJ E D(A(t)) we have 
A’/“(t) (I + ; A’lyt))-l A(t) * v = A(t) &l”(t) (I + ; Alie(t))-l * v (1.9) 
Finally we denote by A*(t) the adjoint of A(t) in T(V, I/‘*); A*(t) 
restricted to H defines an unbounded operator which, of course, 
coincides with the adjoint of A(t) considered as an unbounded 
operator in H. 
THEOREM 1.1. We assume that 
(i) D(A1/2(t)) = L)(A*112(t)) = V Vt E [0, T], 
the equality being algebraic and topological; that is, there exist two 
positive constants independent oft, such that for any u E V 
Cl II u II d I A1’2(t)U I < c2 II u II; Cl II u II < I A*1’2(t)U I d c, II 24 II; 
(1.10) 
(ii) A’/“(t) considered as a bounded operator from V to V* is 
dajkrentiable, and we have 
Then if f belongs to L2(0, T; H) and if u0 belongs to V, the solution u 
of (1.4) belongs toL2(0, T; D(A(t)) (i.e., for almost every t, u(t) E D(A(t)), 
A(t) u(t) E L2(0, T; H), and u’(t) belongs to L2(0, T; H). 
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(iii) D(A(t)) is independent of t 
then the solution u of (1.4) belongs to V(0, T; V). 
Remark. The hypothesis (i) is satisfied as soon as there exists a 
Banach space X, XC H such that 
(1) V is a closed subspace of T(2,O; X, H); 
(2) Vt E [O, Tl, W(t)) c x and D(A *( t)) C X, the inclusion 
being algebraic and topological. 
Of course, (1) and (2) are trivially satisfied with X = V when 
w4tN = D(A*(t)) (F or notations and proofs see Lions, Ref. [5].) 
Proposition 1.1, which will be proved further on, gives sufficient 
conditions implying (ii). 
Proof of Theorem 1.1. Since D(A*l12(t)) = V, the operator 
A*‘l”(t)(I + (l/n) A*1/2(t))-1, d e nes fi restricted to V, a bounded 
operator; therefore its adjoint A’l”(t)(.Z + (l/n) A’/“(t))-’ extended 
to V*, defines a bounded operator in V*. Thus, we can deduce from 
(1.4) that 
N”(t) (I + ; m(t))-l u’ + /w”(t) (I + ; A’lB(t)j-l A(t)24 
= All”(t) (I + ; A’/yt))-lf. (1.11) 
Since the operators 
N”(t) (I + ‘, A’iyt))-l A(t) 
and 
A(t) All”(t) (I + ; P(t))-l 
are bounded from V to V* and since D(A(t)) is dense in V, (1.9) 
remains true for any v in V. 
On the other hand, from (ii) the operator 
A’/“(t) (I + t ~4’/~(t))-~ = nl - n (I + L &P(t))-l, 
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considered as an operator from Y to V*, is differentiable, and we have 
(All”(t) (I + ; A(t))-l)‘= - n ((I + ; m(t))-l)’ 
(1.12) 
= (I + ; A’12(t))-1 (Lwyt))’ (I + ; Al/yt))-l. 
From (ii) we note that this last term is bounded in 9(V, V*) by IV. 
Henceforth we will denote by un(t) the function 
l&(t) = N”(t) (I + ; A’le(t))-l u(t). 
From (1.11) and (1.12) we deduce that 
Un’ + A(t) z&(t) = N”(t) (I + ; Alr(qf 
- (A’qt) (I + 5 Al/yt))-l)’ u. (1.13) 
Multiplying (1.13) by u, and integrating from zero to t, we obtain 
< f I un(O>l" + f Ij A”2(u) (I + ; A”2(u))-1f(u) 11 *llu,(u)ll da 
0 
+ 1; I/ (A’P(u) (I + i N2(u))-l) u(u) )I - I( u,(a)ll da. (1.14) 
From (1.10) it follows that A *l12(t) is bounded from V to H; 
therefore its adjoint A’l”(t) can be extended as a bounded operator 
from H to V*, and its norm is bounded by C2 , Thus, sincef belongs 
to L2(0, T; H), we have 
I t II A”2(4(I + l/n ~“2(4)-‘f(~)ll * II Q~)ll do 0 
< c2 
s 
; I(1 + l/n A”2(u))-‘f(u)l - II u,(u)ll da 
(1.15) 
< c2 
s 
t I f(dl - II 44ll do. (1.16) 
0 
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On the other hand, from (1.12) we obtain 
s t o lIW2(4V + l/n A1’2(4-1)’ 44 ’ II unt4ll da
G N s t II 44II II d~)ll da. (1.16) 0 
Since 
,: II 44ll” da < C II ~0 I2 + 1; IME/ do (1.17) 
(we shall use C to denote several constants all independent of t and n), 
we may deduce from (1.14), (1.15), and (1.16) that 
G l/2 I 0312 + C 1 I uo I2 + 1: I f(4l” dj- 
Since u,, belongs to V = D(ArIs(t)), when n --+ co, 
l/2 / u,(O)12 = l/2 \(I + l/2 A’/“(O))-1 Alf2(0) uo 12 
remains bounded. 
(1.18) 
On the other hand, (I + l/n A’/“(t))-’ u(t) converges to u(t) in 
L2(0, T; H), A’l”(t)(I + l/n A’/“(t))-’ u(t) belongs toL2(0, T; V), and, 
since D(LP/~(~)) = V, we have 
and 
&)(I+ I/n /W"(t))-' u(t) d2(0, T; H) 
s T 1 A(t)(l + l/n N2(t))-’ @)I2 dt 0 
< C, s T (I A’+)(1 + l/n A112(t)-l u(t)112 dt. (1.19) 0 
(1.18) implies that the right side of (1.20) is bounded when 
n---t co; thus (I + l/n ~P/~(t))-l u(t) converges to u(t) weakly in 
L2(0, T; D@(t))). Th us we have proved that u(t) belongs to 
L2(0, T; D(A(t)). Equation (1.4) shows that u’ belongs to L2(0, T; H). 
Finally, since 
y = pp2tq = [W(t)), a/, ,1 
1 See Lions, Ref. [5]. 
(1.20) 
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we deduce from 
u(t) Eqo, T; &qt))), 
u’(t) EL2(0, T; H), 
that if D(A(t)) is independent of t, then 
(1.21) 
u(t) E qo, T; V). (1.22) 
PROPOSITION 1.1. Suppose 
(1) The hypothesis (i) is satzkjied; 
(2) The mapping t ~--t A(t)f [0, T] to Y( V, V*) is differentiable; 
(3) There exists some constant Q (independent of t E [0, T]) such 
that 
I(4O)l mv,v*) G 8. 
Then the hypothesis (ii) is satisfied. 
Proof. For any z, E D(A(t)) we have (see Kato, Ref. [3]) 
A’/“(t) . er = + jm h-l/2(X + A(t))-l A(t) - v d/l, 
0 
(1.23) 
(1.24) 
and (1.24) remains true for any v in V because D(A(t)) is dense in V. 
By a computation similar to (1.12) we have 
((A + A(t))-l A(t))’ = -(h + A(t))-l(A(t))‘(h + A(t))-l; (1.25) 
the right side of (1.25) is bounded in 9( V, V*) uniformly in t by 
C < + co for h -+ 0 and by CA-s for h --f co. Thus (1.24) is differ- 
entiable and we have 
(A(t) v)’ = + j,” W2(X + A(t))-l(A(t))‘(A + A(t)-1 . v d/l (1.26) 
Finally, it follows from (1.23) that the right side of (1.26) is 
uniformly bounded in t. 
For any integer k > 0, we denote by A”(t) the operator defined 
inductively by the relations AO(t) = I, Al(t) = A(t), and 
D(A”(t)) = {v; v E D(Ak-l(t)) and Ak-l(t) * v E D(A(t))}, 
where Ak(t) * v = A(t)(Ak-l(t) * v). 
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Let D(Ak+1/2(t)) = {V E D(Ak(t)) 1 A”(t) E D(A’l”(t))}, and denote 
byL2(0, T; D(Ak(t))) the space 
qo, T; D(A”(t))) = iw(t) EP(0, T; H); o(t) E D(Ak(t)) 
for almost every t; 
s 
T/ Ak(t) o(t)12 dt < +a+ 
0 
Then L2(0, T; D(Ak(t)))) is a Hilbert space for the natural scalar 
product. 
THEOREM 1.2. We assume that the hypothesis (i) of Theorem 1.1 
and the hypothesis (1.23) of Proposition 1.1 are satisfied and, moreover, 
that A’(t) defines by restriction to D(Al(t)) (1 < 1 < R) a linear 
bounded operator from 
P(O, T; D(Ayt)) to J??(O, T; D(fP(t))). 
If 
(u, ,f) E D(A”“/“(O)) x Eye, T; l&4”(t))), 
then u(t) belongs to L2(0, T; D(Akfl(t))) and u’(t) belongs to 
L2(0, T; D(Ak(t))). In addition, if the spaces D(A”(t)) and D(Ak+l(t)) 
are independent oft, then u(t) belongs to the space 
qo, T; we”+‘, Wk(~Nl,12). 
Proof. By induction: From Theorem 1 .l, we deduce that Theorem 
1.2 is true for K = 0; if we assume that the theorem is true for K - 1 
(1 < k) when f belongs to L2(0, T; D(A”(t))) and u0 to D(Ak+1/2(t)), 
then the solution u(t) of (1.4) belongs to L2(0, T; D(Ak(t))). Put 
v(t) = A(t) u(t); since A’(t) is bounded from L2(0, T; D(Ak(t))) to 
L2(0, T; Il(Ak-l(t))), v(t) is the solution of the problem 
a’(t) + A(t) w(t) = A(t)f(t) + A’(t) 4th 
w(0) = A(O) 240. 
(1.27) 
Since 21s E D(A k+r12(0)), A(0) u,, E D(Ak-1/2(0)), and since u(t) 
belongs to L2(0, T; D(Ak(t))) we have 
A(t)f(t) + A’(t) u(t) EL~(O, T; D(A”-l(t))). (1.28) 
So using once more the induction hypothesis we deduce that v(t) 
belongs to L2(0, T; D(Ak(t))); that is, u(t) eL2(0, T; D(Ak+l(t))). The 
rest of the proof is as in Theorem 1.1. 
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We shall give now some results on the regularity in t of the solution 
of (1.4). 
THEOREM 1.3. We assume that the hypothesis (i) of Theorem 1.1 
and the hypothesis (1.23) of Proposition 1.1 are satisfied, and moreover, 
that up to order p the successive derivatives A@)(t) are linear operators 
from V to V* uniformly bounded in t, whose restrictions to D(A”(t)) 
define linear operatorsfrom D(A”(t)) to D(A”-l(t)) uniformZy bounded in t. 
If 
f and its p derivatives f (l), ft2),..., f (P) belong to L2(0, T; D(Ak(t)), (1.29) 
110 E D(A”“l”(t)), (1.30) 
and if the sequence 6, de$ned by 
(sj, =f (Z-1) _ F (I - 1) 
,,( m ) 
A(")(O) $z-1-m) 
(1.31) 
satisjes 
6, E D(Ak+l12(0)), (1.32) 
then u and its p successive derivatives belong to L2(0, T; D(Ak+‘(t))), 
and u(p+l) belongs to L2(0, T; D(Ak(t))). Moreover, if the spaces D(Ak(t)) 
and D( Ak+l( t))) are independent of t we have, for every Y, 0 < Y < p, 
u(V) E QW, T; P(Ak+V)), Wk(t))ld. 
Proof. First we assume that 0 < K and prove the theorem by 
induction; in fact, if it is true for order p - 1, z&‘-l) belongs to 
L2(0, T; V) and is a solution of an equation of the type 
(u’“-l’(t))’ + A(t) u(P-l)(t) 
=f (P-1) - $1 (P ; ')Arm'(t)ulP-l-~l(t), 
um-lyo) = f (P-2)(()) - l!f2 (P ; “) /p(O) u(P-2-q)) 
?n=o 
(1.33) 
= f (p-2’(O) - F2 (’ ; ‘) A(“)(O) 8(s-2-m) = 6(,-1) .2 
?J%==0 
* Under the induction hypothesis we have tP(t) E Q(0, T; V), for any m, 
O<m<p- 1, which gives sense to A’“)(O) @-2-n)(0) in (1.33). 
320 BARDOS 
From the induction hypothesis we deduce that 
zP-l)(t) EP(0, T; D(A”+yt))) 
and that 
u(P)(t) EP(O, T, D(Ak(t))). 
(1.34) 
Therefore we can derive the first equation of (1.33) and we obtain 
(u’“‘(t))’ + A(t) u(p)(t) = f”‘(t) - il (3 A(“)@) u-yt), ZqO) = 6, . 
(1.35) 
Since, under the induction hypothesis, the right side of the first 
equation of (1.35) belongs to L2(0, T; D(A”(t))), we deduce from 
Theorem 1.2 that 
u(p)(t) EP(O, T; D(P+l(t))); z@+“(t) EP(O, T; D@P(t))). (1.36) 
If k = 0 we introduce sequences fc and ZL,,~ such that 
f c z EL2(0, T; v, 1 <Z<P, (1.37) 
Sl’ E &w2(t)), l<l<p (1.38) 
(6,~ being defined from u,,~ by (1.31)), and such that fl” converges 
to f P) in L2(0, T; H) while 6; converges to 6, in I’. 
Using the Theorem 1.3 we can show that uC(t) is the solution of 
and its p derivatives belong to L2(0, T; D(A(t))); moreover it is easy 
to see that they are bounded in L2(0, T; D(A(t))) independently of E. 
Thus, we can deduce Theorem 1.3, when k = 0, by passing to the 
limit. 
2. AN APPLICATION 
We shall study the regularity of the solution of a problem of 
evolution related to a degenerate operator introduced by Baouendi 
and Goulaouic [2]. 
Let 52 be a bounded open set in Rn; assume that SQ, the boundary 
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of Q, is a manifold of dimension n - 1 and of class C”. Let 9) be a C” 
mapping from R” to R such that 
~2 = {x E Rn, q(x) > 0}, 
69 = {x E R”, q(x) = 0}, 
%4x) z 0 if x E 652. 
We denote by V the space of distributions u E B(Q) such that 
9 . u ELM and 9 * Diu E L2(Q) (Vi, 1 < i < rz) with the natural 
scalar product. 
On the other hand, for any t E [O, T], let A(t) be the linear operator 
from V to V’ defined by the sesquilinear form 
a(c % 4 = c j qj(x, t) ?(x) Diu . Djw dx + j- a,(~, t) u * v dx, 
i,j Q sa 
where a,(x, t) and ~(x, t) belong to Cm[Q x 0, T] and satisfy the 
hypothesis 
Re 1 Qi.j(X, t> 6Jj >, 01 C I fi I2 vt = (41 , t2 ,--*, 5,) EC”, 
i,i z 
where 01 > 0 is independent of x, t, and 5. 
Under these hypotheses we know (see Ref. [2]) that we have 
D(Ak(t)) = {u EU(L?), g+ . u E Hk+l(Q) vz, 0 < I < k.3) (2.1) 
In fact, (2.1) implies that the spaces D(A(t)) and D(A*(t)) are contained 
in the space of functions u such that 
(24 E HyQ), 9) * u E H”(Q)}. 
Hence we can deduce from Theorem 6.1 of Lions Ref. [5], that 
D(N”(t)) = D(A*lj2(t)) = V, 
and, then using Theorems 1.1, 1.2, and 1.3, we obtain 
THEOREM 2.1. If, on one hand, Vi, 0 < i < p, 
q+) -f(x, t) EL~(O, T; H”+‘(Q)) (0 < y < 4 
3 Of course we denote by H*+‘(Q) the usual Sobolev space (see Lions, Ref. [4]). 
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and if, on the other hand, u0 E L2(Q) is such that the sequence 6, defined by 
so = 210 , 
S, = f(Z-1)(x, 0) + ‘c” (’ ; ‘) D’ . Dtmai,&, 0) . v(x)DjSz+, (2.2) 
m=0 
- Wao(x, 0) ~-44 L-, , 
satisfies the relation 
p’(x) S,(x) E IP+1/2+y2R) Vr, 0 < Y < k, (2.3) 
then the solution u(x, t) of the problem 
D,u - C Dia,,&, t) * q&) Dju + ao(x, t) * v(x) * u = f, 
u(x, 0) = %I , 
satisfies the relations 
(p’(x) Dt8u(x, t) EL~(O, T; H”+‘(Q)), O<s<p,O<rbk 
and 
p’(x) D,p+4(x, t) eL2(0, T; Hk+7(Q)), O<r<k. 
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